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Finite ± element model for simulations of fully
thermomechanical processes in shape memory alloys

coupled
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Abstract. 7KH0OOHU-Achenbach-Seelecke model for shape memory alloys is able to address full thermomechanical
coupling of mechanical and thermal fields. The model roots in a stringent interpretation of thermodynamical
principles and interprets the behavior as resulting from an interplay of austenite with two generic martensite twin
variants. Its constitutive behavior covers both pseudoplasticity, pseudoelasticity and the characteristic shape memory
effect upon temperature changes. Thus, the model reflects the complex, nonlinear hysteretic and thermomechanically
coupled material behavior of SMAs on a physically sound basis.
In this contribution we investigate the capability of the MAS model in a typical engineering setting, viz. the shrink
fitting of a SMA bushing onto a linear-elastic shaft. In this case, the shrink fitting is caused by a martensite-austenite
phase transition of the bushing upon temperature change from low to high level (shape memory effect). To address all
geometrical implications we employ a finite-HOHPHQW LPSOHPHQWDWLRQ RI WKH 0$6 PRGHO LQWR $%$486  7KH
reliability of the FEM model is proven by comparison to the classical solutions for the linear-elastic and the ideally
elastic-plastic case. The MAS model is implemented into ABAQUS using the UMAT interface. The results arrived at
with this model are validated against the classical solutions and show the significance for the full thermomechanical
coupling which becomes particularly evident in this setting.

1. Introduction
Shape memory alloys (SMA) are increasingly being employed as sensors and actuators. To assign them a
function their behavior should be accessible to physical interpretation to utmost precision, hence reliable
modeling techniques are mandatory. Depending on temperature, the constitutive behavior of SMAs is
characterized by either pseudoplasticity (at low temperature) or by pseudoelasticity (at high temperature). Often
sensitive machinery like sensors and actuators are equipped with SMA, requiring precise prediction regarding
their performance under various mechanical and thermal loads. This thermomechanical interaction may not only
be imposed by the intended use, but is also dictated by the inherent characteristic of thermomechanical coupling
in SMA: as the composition is changing the percentage of austenite and martensite variants, temperature effects
are caused by latent heat release. This effect entails a modification of the material properties while the externally
applied loads progress. Hence, mechanical and thermal equations need to be solved simultaneously. This feature
RI IXOO\ WKHUPRPHFKDQLFDO FRXSOLQJ LV FDSWXUHG E\ WKH PRGHO QDPHG DIWHU 0OOHU $FKHQEDFK DQG 6HHOHFNH
capable of reflecting all the characteristics of SMA [1-9]. Recently, a finite-element-method (FEM)
implementation of the MAS model into the commercial software package ABAQUS (ABAQUS, Inc., Dassault
Systqmes Simulia Corp., Providence, RI, USA) was elaborated at the Department of Materials Science of the
Ruhr-University Bochum and tested upon pure pseudoelastic and quasiplastic settings [10]. In this contribution
we apply the FEM-embedded MAS model to another important test case, the shape memory effect. Our scenario
concerns the shrink fit problem of a SMA bushing which is widened at low temperature (where it is martensitic)
so as to fit onto a linear-elastic shaft, see Fig. 1. The widening (radial and tangential extensions) cause
quasiplastic defomations by de-twinning of martensite variants. When placed over the shaft, the shape memory
effect is triggered by an increase of temperature. Once in contact, tangential transformation strains cause radial
and hoop stresses both in the bushing and in the shaft.
In the conventional treatment of elastic shrink fittings the holding forces of the bushing are induced by thermal
contraction. We proceed to explain the classical treatment of such problem for the case of an ideally elastic
bushing (Sec. 2.1) and an ideally elastic-plastic bushing (Sec. 2.2). The according analytical solutions serve as
benchmark for respective $%$486)(0PRGHOV 6HF DQGIRUWKH0$6LPSOHPHQWDWLRQ 6HF 
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Figure 1: Shrink fit of a SMA bushing onto a shaft. (a): Reference configurations of the bushing and the shaft at
low temperature T1 where the bushing is twinned martensite. (b): Widening (radial and tangential extension) of
the bushing causes remaining deformation due to de-twinning. (c): Assembly of bushing and shaft. (d) A
temperature change from T1 to T2 triggers the shape memory effect in the bushing and shrink-fits it onto the
shaft.

2. Analytical treatement
2.1 Elastic bushing
Shrink-fitting axisymmetric bodies is a common method in mechanics to achieve a tight fit of a bushing on a
shaft. In the reference configuration at low temperature T1, the diameter Dshaft of the shaft is slightly larger than
the inside diameter

Dclamp of the bushing by a small interference, see Fig. 1 (a). In the conventional shrink fit

procedure, the bushing is thermally expanded. In this state the center planes of the shaft and the bushing are
vertically aligned and the shrink-fit assembled by cooling, causing a radial contraction of the bushing, thus fixing
the bushing onto the shaft. This process is considered by classical mechanics [11]. Employing this thick-wall
cylinder theory for identical linear-elastic materials the contact pressure p and the radial distributions of the
radial ( V rr ) and circumferential ( V TT ) stress in the shaft and the bushing are given as a function of the radial
coordinate r by the following set of equations:
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Here,

Y LVWKH<RXQJ¶VPRGXOXV r1 is the inner radius of the shaft (taken as zero), r2

radius of the shaft and

Dshaft / 2 is the outer

r3 is tKHRXWHUUDGLXVRIWKHEXVKLQJ%RWKVKDIWDQGEXVKLQJKDYHD3RLVVRQ¶VUDWLRRI

zero. These theoretical results are represented by the solid black lines in Fig. 2 and Fig. 3.

2.2 Elastic ± plastic bushing
Next we consider an elastic - ideally plastic bushing. The reasoning behind this step rests in the similarity of the
stress-strain curve of a SMA over the loading part with the one for elastic- ideally plastic constitutive behavior
(provided the stress does not exceed the transformation stress). The theoretically predicted stress distributions for
V rr and V TT within the bushing are given by
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is the yield stress [12]. These stress distributions are depicted as black dots in Fig. 2 and Fig. 3.

3. The FEM model
3.1 Geometry, discretization
The geometry of the FEM model is identical for all simulations: the inner radius of the shaft
outer radius

r2

an interference

r1 equals zero, its

Dshaft / 2 equals 5.1 cm. The bushing is limited by its inside diameter Dclamp of 5 cm ± hence

G

of 0.1 cm ± and an outside diameter

r3 of 7 cm. The bushing is 4 cm tall, the shaft three

times as tall. The region of interest is spatially discretized (horizontal x vertical) into 50 x 150 (shaft) resp. 10 x
50 (bushing) elements. The task is simplified by meshing the shaft with axisymmetric stress/displacement
elements CAX4 and the bushing with CAX4T elements LQ $%$486  7KLV HOHPHQW W\SH IHDWXUHV DQ
additional degree of freedom for the temperature.
:HHPSOR\VWDQGDUG$%$486PDWHULDOURXWLQHVWRWHVWERWKWKHPRGHODQGWKHVROXWLRQVWUDWHJ\IRUWKHFDVHV
of ideal-elastic and elastic-plastic material properties. In these cases, the shrinking is induced by thermal
contraction modeled here by assigning only a radial and tangential thermal expansion coefficient for the bushing,
whereas its axial expansion coefficient was set to zero in order to meet the assumption of the classical treatments
of a plane stress state from Sec. 2 (Eqs. (2) and (3)).
The FEM simulation strategy is as follows: The thermally extended bushing is assembled with the shaft at high
temperature as shown in Fig. 1 (c). Then, the temperature is lowered linearly in time so as to induce thermal
contraction of the bushing.
The abovementioned formulas are the simplest ones for shrink-fitting as they refer to materials with initially
identical constitutive behavior. Thus, the shaft ± which is always modeled as linearly elastic ± and the bushing in
the elastic and elastic ± LGHDOO\SODVWLFVLPXODWLRQVKDYHD<RXQJ¶VPRGXOXVHTXDOWRWKHRQHWDNHQIRUPDUWHQVLWH
(numerical value see Section 4.2). For simplicity, the thermal expansion of the shaft is neglected.
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3.2 Verification of the numerical model by benchmark tests

We simulate shrink fitting and compare results to benchmark tests to assure the reliability of the approach. For
the classical cases of Sec. 2 the reliability of the FEM model is tested by comparison to Eqs. (2) to (5), see Fig. 2
for the radial and Fig. 3 for the circumferential stress components in shaft and bushing. In these diagrams we
refer to the analytical solutions by solid black lines for the ideal elastic case and by black points for the elasticplastic case. The FEM solutions obtained for ideal elastic material are plotted by solid green lines and for the
elastic-plastic material by solid blue lines.
Inspection of Figs. 2 and 3 show that the FEM solutions match well the analytical solutions in the bushing. In the
shaft the FEM solution for the radial stress V rr shows a deviation (arrow in Fig. 1) that grows with decreasing
radial coordinate up to a deviation of 1/3 at zero radius.
The cause for the discrepancy is not precisely known; a finer spatial discretisation of the FEM mesh for the shaft
did not modify the results. However, observing much better correspondence to theory when the inside diameter
of the shaft is not zero (Fig. 4) suggests that ABAQUS encounters numerical problems when searching for a
solution at a radial singularity. It is stressed that the radial displacements as a function of the radius is close to
the theoretically predicted one both within the shaft and within the bushing also when the shaft is solid (data not
shown here). Keeping in mind the fact that the bushing is of prime concern here, the deviation indicated by the
arrow in Fig. 1 is acceptable.
As for the simulation for an elastic - ideally plastic behavior of the bushing, the numerical results (shown in blue
in Fig. 2 and Fig. 3) are very close to the ones demanded by Eqs. (4) and (5) (black dots), lending more support
to the simulations. It is thus concluded that the numerical model as programmed here represents a sufficiently
precise numerical procedure for shrink-fitting.

4. Simulation of a shrink fit with a shape memory bushing
4.1 The MAS model and its FEM implementation
Crystallographic observations have revealed that SMAs exhibit a layered crystalline structure. The MAS model
rationalizes this observation by considering ideal mesoscopic crystal layers in one of the three model phases
austenite (A) and two martensitic twin phases (M+, M-) [1-9]. The model derivation adheres strictly to
thermodynamics and roots in the idea of a three-well potential energy with minima indicating the stable locations
of these three phases. The model yields a constitutive equation for the stress V as a function of external strain

H

and the internal variables

x A , xM  and xM  which express the phase fractions of the model phases,

V

EM 

H  xM   xM   H T
E
xM   x M   M  x A
EA

.

The elasticity of the pure phases is expressed by the Young's moduli
transformation causes a residual strain

HT .

(6)

EM and EA and a martensitic

According to the MAS model, the phase fractions are implicitly

functions of the temporal evolution of the stress-strain field and the temperature. These are determined by a set
of rate equations representing an initial value problem (coupled ODE system) solved numerically for given strain
and temperature. The numerically stiff feature of this ODE requires a stable integration scheme for robust
solution. Here we use an implicit Runge-Kutta scheme of order five with an adaptive time step size called
RADAU IIa [13]. The temperature evolution within the specimen is due to latent heat emission and absorption
and the according heat exchange with the ambiance. Assuming temperature homogeneity in simple geometries,
the temperature can be calculated from the integral energy balance which represents an additional differential
equation to be solved along with the rate equations for the phase fractions. Previously, this was accomplished by
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a standalone FORTRAN program [5,8]. An online version of this model considering a SMA wire is illustrated on
the internet [14].
ABAQUS/Standard allows user implementations of constitutive equations of state through a FORTRAN
subroutine called UMAT (User Material), where the state of the nodal field quantities (here: displacements and
temperature) can be accessed. UMAT is called by ABAQUS within its own numerical procedure while striving
for a converged solution. Here, we have used the UMAT interface to adopt the standalone implementation of the
MAS model into the ABAQUS environment. Further, the user has to provide the Jacobian stiffness matrix which
for the MAS model reads

dV
dH

wV
wV dxM  dt
wV dxM  dt






wH wxM  dt d H wxM  dt d H

owing to the dependence of the phase fractions on time t and the identity

HT

(7)

xA 1  xM   xM  [16,17] while

is a constant. Further details on the numerics are provided in [15].

4.2 Implementation of the MAS model for simulating a shrink-fit
The references listed in the previous section have provided ample justification for the claim that the MAS model
has potential for efficient simulations of SMA behavior. The MAS model in its present uniaxial formulation
restricts applicable load scenarios to those where uniaxial stress dominates such as loading in wires and trusses
[16] as well as pure beam bending [17], and pure torsion [18,15]. A tool for simulating wires and trusses is
accessible via an internet page for the convencience of the scientific community [14]. The model also addresses
polycrystalline materials [19,20,15]. Arbitrary, multiaxial stress/strain states can be addressed by the use of
multivariant extension of the MAS model in principle [21], however the FEM implementation of such model is
an open task.
As the analytical solution shows that the circumferential (hoop) stress dominates (see Fig. 2 and Fig. 3), shrink
fitting is a load case amenable to the MAS model. The MAS-model is implemented here in its version for single
crystals exclusively for the hoop direction, retaining elasticity for the other ones. The numerical realization of
this characteristic lies in first defining elasticity for the entire stress tensor, then modifying the constitutive
behavior for the circumferential direction, all in one UMAT.
In the reference state (Fig. 1a), the bushing is composed of equal amounts of the martensite variants M+ and M-.
The radial widening (Fig. 1b) is achieved by a radial load exerted on the face of the inner diameter of the
bushing which effects load-induced M   M  transitions (de-twinning) till a pure M+ state is attained. In
this state the bushing is assembled with the shaft (Fig. 1c) and subsequently heated up to trigger the shape
memory effect, i.e., the transformation of martensite to austenite. All model parameters for the SMA are
collected in Table 1.
Table 1. Model parameters for SMA (taken from [16,17]).

<RXQJ¶VPRGXOXVRIDXVWHQLWH
<RXQJ¶VPRGXOXVRIPDUWHQVLWH
transformation strain
linear coefficient in the free energy of unstrained austenite
free energy of unstrained austenite at T = 0 K
activation volume
density
specific heat capacity

71.1 GPa
30.9 GPa
4.4%
-396000 J/(gÂK)
0.115 GJ/kg
5Â10-23 m3
6500 kg/m3
450 J/(kgÂK)

The temperature variation is treated in two different ways: First, temperature is homogeneously controlled by a
linear function in time (quasistatic simulation, Sec. 4.2.1). In this case the energy balance controlling the
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temperature field in the bushing is not considered. Second, the shrink fit problem is fully coupled with the
temperature field (Sec. 4.2.2). In this case, the surface temperatures of the bushing are controlled by Dirichlet
conditions in time and the evolution of the temperature are controlled by the energy balance within ABAQUS.

4.2.1 Quasistatic simulation
This procedure prescribes the rate of temperature rise which was set uniform for all (i.e., also internal) elements.
Heat exchange with the ambiance and internal heat flux are neglected. The result arrived at for the temperature is
referred to as the state variable SDV4 to clearly distinguish it from the temperature in the fully coupled
simulation (see section 4.2.2). The data so obtained are shown in turquoise in Fig. 2 and Fig. 3.

4.2.2 Thermomechanically coupled simulation
The physically sound approach, benefitting from the capability of the MAS model and the finite-element
PHWKRGLVWKHWKHUPRPHFKDQLFDOO\FRXSOHGSURFHGXUH $%$486FRPPDQG&283/('7(03(5$785(DISPLACEMENT). A heating rate is applied to the external nodes only. In addition to this imposed temperature
rise latent heat is emitted resp. absorbed throughout the bulk of the bushing, but this contribution generates
locally different values. Upon convergence, the stresses and the latent heat production due to phase
transformations are returned from UMAT to ABAQUS. Thermomechanical coupling is achieved by ascribing
the actual specific latent heat production to the ABAQUS variable RPL within UMAT, hence serving as a
production term to the global energy balance. Within ABAQUS, the internal heat flux is expressed by Fourier's
law and the surface heat flux by Dirichlet or Neumann boundary conditions, respectively. The respective results
are shown in red in Fig. 2 and Fig. 3.

4.3 Discussion of the SMA shrink fit
The resulting radial stress distributions are shown in Fig. 2 and Fig. 3 along with all previous results. The stress
profiles for the quasistatic SMA simulation bears a strong resemblance to the elastic ± ideally plastic one
whereas the ones originating from the thermomechanically coupled one deviate strongly. Strict adherence to the
elastic- ideally plastic case cannot be expected (even if the stress in the SMA simulation does not exceed the
transformation stress) as the MAS model does not preserve the volume while plasticity does.
It is stressed that the results for the SMA bushing show the conditions at maximum temperature while those for
the elastic and elastic-ideally plastic one show the conditions prevailing when the assembly is back at its initial
temperature. The stress state within the assembly and the grip between shaft and bushing is preserved as long as
the temperature does not fall below the maximum martensite start temperature present in the bushing. If it does,
the austenite-martensite transformations are triggered with a preference for M+ due to the hoop stresses still
present in the bushing. This ongoing transformation process reduces the hoop stresses and eventually yields an
unstressed assembled bushing without gap. This transformation is initiated at approx. 390 K in the above
quasistatic simulation; a temperature far above common usage for bushings. Thus, the numerical values used in
the present publication need to be adjusted.
As transformation rates are affected by temperature and stress, enlightening aspects of SMA behavior can be
expected when tracking certain quantities as a function of both temperature (state variable SDV4 in the
quasistatic simulation resp. temperature in the coupled simulation) and radial position (i.e., stress as shown in
Fig. 2 and Fig. 3). This intricate behavior is revealed by Fig. 5. Here, data are presented for the austenite fraction
as a function of temperature (SDV4) and radial position within the bushing. The color coding is red for the
innermost element just above the center plane and green for the outermost one. Data referring to the quasistatic
simulation are shown as solid lines whereas those for the fully coupled one are depicted as colored circles with a
black rim. The results from the coupled simulation are additionally shown vs. temperature as blue dots which are
seen to deviate only slightly from the result of state variable SDV4.
Fig. 5 reflects the Clausius-Clapeyron relation for SMA by a shift of the austenite start and finish temperatures
with hoop stresses. Evidently, the common definition of austenite start temperature (A s, 10% A) and austenite
finish temperature (Af, 90% A) yields data that depend on the radial coordinate. According to Fig. 5, A s is quite
uniform along the radial coordinate for the quasistatic simulation whereas Af has a wide span through the
bushing thickness. Instead, the temperature range for As is far greater in the coupled simulation whereas Af is
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quite small. In the final state (Fig. 3) this stress is equal at the innermost and outermost node, but this observation
does not hold for the entire process. Thus, hereditary phenomena contribute to a various extent throughout the
simulation.
The radial stress profile over the cross-section in the assembled state is depicted in Fig. 6. For a clear visual
LPSUHVVLRQWKHD[LV\PPHWULFHOHPHQWVDUHVZHSWRYHU2EYLRXVO\D[LDO stress gradients emerge and it is
reminded that Fig. 2 and Fig. 3 show data only on the center planes.

5. Conclusions and future work
The results discussed evince potential of the method employed for industrial usage in cases of design studies of
devices which incorporate the shape memory effect and add to the versatility of the MAS model. The shrink-fit
problem of a bushing, though a simple device, reveals many aspects of fully-coupled FEM studies and thereby
serves as an adequate test case of the model. Such bushings are temperature-activated and conveniently used as
they offer the possibility for repeated application and release solely by the application of heat. The only aspect to
be noted is the minimum service temperature. Whenever cooled below it, the austenite will decompose into the
martensite variants and loosen its grip.
Further, distinctly different results are obtained when thermomechanical coupling is accounted for. The totally
different stress state compared to all prior simulations proves the necessity for incorporation of all relevant
physical effects.

The authors appreciate financial support by the German Research Foundation (grant KA 2304/2-1).

Fig. 2. Radial stress distribution along the radial coordinate for all FEM simulations for different bushing constitutive
behaviors (green: elastic, blue: elastic ± ideally plastic, turquoise: SMA quasistatic, red: SMA thermomechanically coupled)
and the theoretical formulas (elastic: black solid lines (Eqs. (2) and (3)), elastic ± ideally plastic: black dots (Eqs. (4) and (5)).
Dashed black vertical line at r 0.05 m delineates shaft from bushing (original dimension). Initial dimensions: shaft in

0 d r d 0.051 m , bushing in
the shaft in the elastic case.

0.05 m d r d 0.07 m . Arrow indicates deviation between theory and numerics within
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Fig. 3. Circumferential stress distribution along the radial coordinate for all simulations and the theoretical formulas. Color
coding and initial dimensions see Fig. 2.

Fig. 4. Radial stress distribution along the radial coordinate for a simulation of shrink-fitting an elastic bushing with an inner
radius of 1 cm onto an elastic shaft. Theoretical results (Eq. (2)): black, numerical data: green.
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Fig. 5. Fraction of austenite as a function of two temperature axes (see text) and radial coordinate (red for the innermost
element just above the center plane and green for the outermost one). Solid lines: quasistatic simulation, dots with black rim:
coupled simulation; both plotted vs. temperature from state variable SDV4. Blue dots: coupled simulation, but plotted vs.
temperature arising in this simulation (see section 4.2.2).

Fig. 6. Cut-away view of the shrink fit in the assembled state showing the spatial distribution of the radial stress distribution
over the cross-section. Note the variation of the radial stress with axial position.
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